We present the most general actions of a single scalar field and two scalar fields coupled to gravity, consistent with second order field equations in four dimensions, possessing local scale invariance. We apply two different methods to arrive at our results. One method, Ricci gauging, was known to the literature and we find this to produce the same result for the case of one scalar field as a more efficient method presented here. However, we also find our more efficient method to be much more general when we consider two scalar fields. Locally scale invariant actions are also presented for theories with more than two scalar fields coupled to gravity and we explain how one could construct the most general actions for any number of scalar fields. Our generalised scale invariant actions have obvious applications to early universe cosmology, and include, for example, the Bezrukov-Shaposhnikov action as a subset.
I. INTRODUCTION
It could be said that the Universe is nearly scale invariant. This is certainly true of the cosmic microwave background fluctuations recently measured to remarkable accuracy by Planck [1] , as well as the Standard Model of Particle Physics, whose classical scale invariance is only spoilt by the Higgs mass. One might suspect that this is more than a coincidence and that scale invariance has some role to play in our search for a fundamental theory of Nature.
Scale invariant theories have been studied in many different contexts, dating back at least as far as Weyl's attempts to unify gravity with electromagnetism [2] . It has recently been argued by 't Hooft that they could play an important role in understanding black hole phenomena and quantum gravity [3] , whilst in early Universe cosmology, there are claims that scale invariance can help us find geodesically complete solutions [4, 5] (see, however, [6] and later [7] ). Scale invariance has also been used to identify universality in a wide range of inflationary models [8] . However, perhaps the most compelling reason to study scale invariance is within the context of Nature's hierarchies. The Standard Model of Particle Physics and the concordance model in cosmology are both plagued by unnaturally small mass scales, corresponding to the Higgs mass (∼ 10 −16 M pl ) and the cosmological constant (∼ 10 −60 M pl ) respectively. In a scale invariant theory there are no mass scales and the hope is that when the symmetry is broken such hierarchies emerge naturally (see eg [9] ). Realising this in practice is challenging, especially for the latter hierarchy, not least because of the restrictions imposed by Weinberg's famous no-go theorem. Nevertheless, there have been interesting proposals. Recently, one of us developed a model in which the Standard Model vacuum energy is sequestered from gravity, exploiting, in part, global scale invariance in the protected matter sector [10] . There have also been attempts to use scale invariance to stabilise the Higgs mass (see eg [11] ). In a series of papers, Shaposhnikov and collaborators have exploited it to propose a complete cosmological model that attempts to include Higgs inflation, a stable Higgs mass, and dynamical dark energy (see eg [12] ). For other uses of scale invariance in cosmology and particle physics see, for example, [13] [14] [15] [16] . There are, of course, many more interesting applications of scale invariance in the literature, not least within the context of the AdS/CFT correspondence [17] . There are even applications within biology [18] and psychology [19] .
In this paper, we identify a plethora of new (multi)scalar and (multi)scalar-tensor theories exhibiting scale invariance. We consider three separate cases in the following sections, namely, single scalar theories, bi-scalar theories and finally, theories with more than two scalars. Indeed, if we wish to preserve second order field equations 1 , we can say that the theories presented here exhaust all possibilities, at least in four dimensions for the single scalar and bi-scalar cases. This is because our starting point is Horndeski's most general (2nd order) scalar-tensor theory [20] . Generality is lost for more than two scalars, however a large class of theories not yet discussed in the literature are presented by exploiting the multi-scalar Horndeski-like actions presented in [21] . We begin by identifying the subset of these theories that possess global scale invariance. The path to local scale invariance comes in two forms. The first is to simply identify the subset of (multi)Horndeski theo-ries that happens to possess this symmetry. Gravity is known to play a crucial role in terms of gauging the scale invariant φ 4 theory, so the fact that (multi)Horndeski is a gravitational theory is crucial. The second approach is to gauge the globally scale invariant theory directly, using either Weyl gauging, or Ricci gauging [25] . The latter will generically lead to higher order field equations unless they fall into the subset identified in the first approach. Of course, generically we do not expect these theories to maintain scale invariance at the quantum level without being embedded in some larger conformally invariant theory. Indeed it has recently been argued that scale invariance plus unitarity requires conformal invariance in order to be consistent in four dimensions [26] .
II. SINGLE SCALAR THEORIES
To illustrate our methods most clearly, we begin by looking at the case of a single scalar, coupled to gravity. In four dimensions, the most general such theory with second order field equations is given by the Horndeski action [20] , which we write in the simpler form presented in [27] ,
where
We start by demanding global scale invariance such that under g µν → λ 2 g µν and φ → φ/λ, the Horndeski action is invariant where λ is a constant. For a diffeomorphism invariant theory, this rescaling of the metric is equivalent to a rescaling of co-ordinates. Note that we have assumed that the scalar has scaling dimension -1. This can be guaranteed by a simple field redefintion, and given that our starting point is the most general theory, with general potentials, this is without loss of generality. The resulting action is nothing more than one would expect from dimensional analysis with the assumption that no dimensionful couplings can appear in the arbitrary functions and with the scalar field assumed to have a mass dimension equal to 1. We therefore find that the most general globally scale invariant subset of the Horndeski action is given by
where we have defined a dimensionless quantity Y = X/φ 4 . Note that the familiar − 1 2 (∇φ) 2 − µφ 4 theory is readily obtained by taking a 2 = Y − µ. We now consider the question of local scale invariance, by which we mean invariance under g µν → λ 2 g µν , φ → φ/λ, but now λ = λ(x) . As stated earlier, there are two possible paths to achieving local scale invariance. The first is to identify the subset of our globally scale invariant action (2) that also exhibits local scale invariance. One could examine this directly and establish conditions on the various functions. However, there exists an argument that allows us to go directly to the answer and which will generalise nicely in the multi-scalar cases to be studied later. We denote our locally scale invariant action by S local [φ, g]. This action is unchanged by a scale transformation, g µν → λ 2 g µν , φ → φ/λ, and so choosing
To be a subset of the Horndeski action, we know that S local [1,g] must have second order field equations, but by Lovelock's theorem [28] in four dimensions, the most general diffeomorphism invariant action with second order field equations built out ofg µν is
where a, b are constants, andR is the Ricci scalar built out of the metricg µν , with a metric connection. Using the fact thatg µν = φ 2 g µν , we conclude, after some integration by parts, that the unique subset of Horndeski exhibiting local scale invariance is given by the well known action for a conformally coupled scalar field [29] ,
. We note that this result is equivalent to the general action for one scalar presented in [5] where a maximum of two derivatives are allowed in the action. Here we have proven that terms with greater than two derivatives can play no role if we are to keep second order field equations. It is also worth pointing out that one can always generate a scale invariant theory from an action S[g], whereg µν = φ 2 g µν . This is done in [30] in order to generate scale invariant theories with a single scalar in arbitrary dimensions with second order field equations. In this paper, we have proven that the theories generated in [30] will be the most general with second order field equations. Similar techniques were used in [31] to express Unimodular Gravity as a theory symmetric under transverse diffeomorphisms and Weyl transformations.
The second path to local scale invariance is through a straightforward gauging of the global symmetry. To this end we introduce the Weyl vector W µ transforming as W µ → W µ + ∇ µ log λ and the Weyl covariant derivative, D µ = ∂ µ − dW µ acting on an object with scaling dimension d. We obtain a locally scale invariant action by simply replacing all partial derivatives in (2) with the Weyl covariant derivative, or in other words
. Note that we have dropped terms of the form ∇ [µ W ν] in the above, as such terms are Weyl invariant by themselves. In this sense, our action will be the minimally gauged version of (2) rather than the most general Weyl invariant action involving φ, g and W . Our action is, however, still second order and it would therefore be natural to add a gauge invariant kinetic term for the Weyl vector. In any event, our generalised Weyl action for a single scalar field coupled to gravity is given by
Ricci gauging corresponds to the case where we identify a subset of (6) where the W µ contributions can be identified with curvature. This is only possible when W µ only enters the action through Ω µν , up to a total derivative [25] . This can be guaranteed by treating W µ and Ω µν as independent fields and ensuring that the variation of S weyl with respect W µ takes the form
where λ µν is symmetric in µν. This condition reduces the action to
Rg µν as they transform identically under Weyl transformations. In general, the metric associated with these curvature terms need not be the same metric appearing in S weyl as long as it transforms the same way under Weyl transformations, hence introducing the possibility of generating a locally scale invariant bimetric, scalar theory. Initially, let's assume they are identical in which case it is comforting to note that R µναβ reduces to the Weyl tensor and consequently G µν = R = 0. We find that the resulting Ricci gauged action is
and is equivalent to (4) for appropriate choices of c i , confirming that this action is indeed the most general subset of Horndeski possessing local scale invariance.
As briefly mentioned above, Ricci gauging opens up the possibility of generating a locally Weyl invariant bimetric, scalar theory built out of two metrics g µν and h µν . Following the same procedure we find that this action takes the form
whereR andR µν are curvatures associated with h µν . Because of the kinetic mixing between g and h, the action (10) does not fall into the class of bigravity actions presented in [32] , so we cannot be certain that it is ghostfree. In fact, in the light of [33] , there are strong hints that this theory will indeed contain pathologies.
III. BI-SCALAR THEORIES
We now examine the case of a bi-scalar theory coupled to gravity and generalise the methods used in the previous section. Our methods made use of knowledge of the most general actions built from either N = 0 scalars (Einstein Hilbert) or N = 1 scalars (Horndeski) , that don't exhibit the scale symmetry, to construct the most general action for N = 1 scalars that does possess scale invariance. Therefore, to generalise these arguments and find the most general scale invariant theory of N scalars coupled to gravity we require the most general theories without this symmetry for either N −1 or N scalars. Concentrating on the case of N = 2, let's denote our locally scale invariant action by S local [π, φ, g]. This action is unchanged by a scale tranformation g µν → λ 2 g µν , π → π/λ, φ → φ/λ and by choosing λ(x) = π(x) we find that S local [π, φ g] = S local [1,φ,g], whereφ = φ/π and g µν = π 2 g µν . As already discussed, the most general action one can construct fromφ andg µν is the Horndeski action (1). Therefore the most general scale invariant theory built from two scalars and a metric with second order field equations is given by
Using the definitions ofφ andg µν , we can express this action explicity in terms of φ, π and g µν . The relevant terms are
where X φπ = − 1 2 ∇φ∇π, for example. Note that this action is invariant under interchange of π and φ. This follows automatically from the freedom to choose the gauge parameter λ to be either π or φ when generating the action.
There are many models discussed in the literature which are a subset of this more general model including the scale invariant completions of the BezrukovShaposhnikov actions [12] presented in [5] where one of the scalars is taken to be the Higgs and the KalloshLinde inflationary model [8] which we recover for 4K =
Again, we also compare our general model to the one presented in [5] and find that constraining (11) to have at most two derivatives in the action, reduces our bi scalar theory to the one presented there. However, in contrast to the single scalar case discussed above, we have found that many more terms can be included, which involve more than two derivatives in the action, while still keeping second order field equations.
Following the previous section, we could also use Weyl and Ricci gauging and attempt to find this most general scale invariant action. To use this method, and keep generality, we require the corresponding N = 2 theory without the symmetry which is, unfortunately, absent from the literature. We note that a naive generalisation of Horndeski for N scalars coupled to gravity was presented in [21] . Although it is proven to give the most general N scalar action (with second order field equations) in the absence of gravity [34] , its covariant analogue was recently shown to be missing certain terms [35] . In any event, even if the most general theory were available, it is clear that the process of Ricci gauging the globally scale invariant subset would only reproduce (11), a subset, or else include higher equations of motion. One could easily imagine a scenario where the later possibility is realised because the process of Ricci gauging requires one to replace first derivatives of the Weyl vector with second derivatives of the metric.
IV. N > 2 SCALAR THEORIES
We now turn our attention to the case of N > 2 scalar fields, coupled to gravity. As mentioned, the most general covariant action without the scaling symmetry for N scalars coupled to gravity is absent from the literature so for N > 2 scalars one cannot find the most general action with scale invariance. If and when the most general multi-scalar tensor theory is identified, let us outline how our first method should be applied to that theory.
We denote the most general second order action of N scalars coupled to gravity as S N [φ 1 , . . . φ N , g] and are interested in scale invariant theories for which g µν → λ 2 g µν , φ i → φ i /λ, where λ = λ(x). Note that we have taken each scalar to have scaling dimension −1, without loss of generality. Actually, it is more convenient to further redefine our scalars, introducing π α = φ α /φ N for α = 1 . . . (N − 1) , and π N = φ N , so that under our scale transformation π α are invariant, and π N → π N /λ. We now write
For N scalars, we now let S local [φ 1 , . . . , φ N , g] denote the locally scale invariant action. Recall that this is unchanged under g µν → λ 2 g µν , φ i → φ i /λ, where λ = λ(x). We can now choose λ = φ N as the transformation parameter and infer 1,g] , where the π's are as defined in the previous paragraph, andg µν = φ 2 N g µν . We have now reduced the action to one involving a metricg and only N − 1 scalars, therefore the scale invariant subset could be easily obtained from the most general multi Horndeski action. We conclude that the unique subset of N -scalar Horndeski with local scale invariance is given by 12) whereS N −1 has the multi-Horndeski form, but with N − 1, rather than N scalars.
Although we do not yet know the form of S N , we do know of a very large subset [21] , so let us conclude this section by applying the method of Weyl and Ricci gauging to that theory, which in four dimensions is given by [21] 
where latin indices label the internal index of the field,
Recall in passing that the flat space limit of these theories are now proven to correspond to the most general multiscalar second order theories [34] .
Following the same methods used for the single scalar case, we construct the following invariants:
where α, β = 1 . . . (N − 1). As expected, global scale invariance again corresponds to nothing more than dimensional analysis. We now Ricci gauge the global symmetry of (13) . As explained in the previous sections, we introduce a Weyl vector W µ and make replacements similar to those given in (5) . For the multiscalar case, these are
where we recall that π α = φ α /φ N , for α = 1, . . . (N − 1). Note that even though these are Weyl singlets, we still need to explictly gauge terms of the ∇ µ ∇ ν π α as the metric connection is not a Weyl singlet. Again we demand that the dependence on W µ only appears in the combination Ω µν then Ricci gauge the remaining action.
We find that the Ricci gauged version of (13) is given by
where the indices α, β and γ are summed over from 1 to N − 1 and label the index of the fields which don't transform. This action will, however, only retain second order field equations when the function h is independent of Y αβ . Clearly for the case of N = 2 the resulting action is much less general than (11) , highlighting that Ricci gauging is unable to produce the most general theories. As expected, this action again reduces to the one presented in [5] if we ignore terms with greater than two derivatives. Of course, the action (13) does not include a term of the form [35] √
or even more generally,
which nevertheless yields second order field equations. Here P µνǫη is the double-dual of the Riemann tensor and F ijkl is symmetric on ik and jl. Given how the metric and the π's transform, the globally scale invariant subsets of this are given by
where f αρ and f αβρσ are symmetric in αρ and βσ. One can now apply the method of Ricci gauging to this, but doing so will result in a theory that inevitably contains higher order field equations.
V. CONCLUSIONS
In this paper we have presented generalised scale invariant theories involving scalar fields coupled to gravity. Indeed, given that one of our starting points has been Horndeski's panoptic theory [20] , we can say that (4) and (11) are the most general (second order) theories of this type admitting local scale invariance for a single scalar and a bi-scalar coupled to gravity, respectively. Indeed, our proof confirms that for a single scalar, the standard conformal coupling to gravity is the unique theory with local scale invariance. When generalised to two scalar fields, however, we see a much wider range of possibilities not previously discussed in the literature. Given the wealth of applications of scale invariance, some of which we discussed in the introduction, these newly identified theories may well open up some exciting new research directions.
We have also discussed how one would construct the most general scale invariant theory for any number of scalar fields as long as the corresponding theory without the symmetry is known. Without this knowledge, we have found a very large sub class of these theories using the technique of Ricci gauging on the globally scale invariant subset of N -scalar tensor theories presented in [21] . Even without full generality for more than two scalars, the large subclass of scale invariant theories that we have now found open up new research opportunities especially when considering multi scalar inflationary theories coming from a parent scale invariant theory.
Overall we found the technique of Weyl and Ricci gauging to be less general than the more efficient one presented at the beginning of each section. This is not really surprising given that Ricci gauging requires the W µ dependence to take a particular form. Furthermore, it will also generically generate higher order field equations, as seen in (15), because Ricci gauging involves replacing first derivative pieces of the Weyl vector for second derivatives of the metric. We also note that our efficient method is more general than the one presented in [36] which is unable to construct the zeroth-order terms appearing in (11) . Finally, we remark that it would be interesting to construct and study these scale invariant theories within the language of tractor calculus [37] .
